On-demand vehicle access is a method that can be used to reduce types of range anxiety problems related to planned travel for electric vehicle owners. Using ideas from elementary queueing theory, basic quality of service (QoS) metrics are defined to dimension a shared fleet to ensure high levels of vehicle access. Using mobility data from Ireland, it is argued that the potential cost of such a system is very low.
Introduction
Growing concerns over the limited supply of fossil-based fuels are motivating intense activity in the search for alternative road transportation propulsion systems. Regulatory pressures to reduce urban pollution, CO 2 emissions, and city noise have made electric vehicles (EVs) (Brady & O'Mahony, 2011) and plug-in hybrid vehicles (PHEVs) (Sioshansi & Denholm, 2009 ) very attractive choices as alternatives to the internal combustion engine (ICE) (Nilsson, 2011) . EVs in particular, which have zero tailpipe emissions of pollutants, are seen as a very useful tool in reducing urban pollution due to the fact that they deliver energy in a clean form in our cities, as well as reducing the carbon footprint of road transportation generally when combined with clean energy generation.
While the environmental and societal benefits of zeroemission vehicles are evident, their adoption by users has been extremely disappointing. According to recent reports (European Environment Agency, 2013) , even in Europe, where the green agenda is well received, fewer than 12,000 EVs were sold in the first half of 2012 (of which only 1000 were sold in the UK). This number represents less than 0.15% of total new car sales. These figures are in spite of the fact that many European governments have offered incentives for the purchase of EVs in the form of subsidies and have also invested in enabling infrastructure. Some of the factors hindering the widespread adoption by the general public of EVs can be summarised briefly as follows:
(1) Battery-related issues -plug-in vehicles tend to be very expensive, even when subsidised. A major factor * Corresponding author. Email: wynita.griggs@nuim.ie in the cost of such vehicles is the cost of the battery (Axsen, Burke, & Kurani, 2008) . Lithium-based batteries are expensive, and while costs are forecast to reduce dramatically over the next few years (Bullis, 2012a; Sakti, 2011) , this is currently an important aspect in understanding the sales of EVs. In response to this, Renault, and other companies, are proposing to lease batteries to the customer to offset some of the battery-related costs. However, even if such initiatives are successful, there are other battery-related questions that may hinder the adoption of EVs. A further point concerns whether enough lithium can be sourced to build batteries to construct enough vehicles to replace the existing passenger vehicle fleet. Are we simply substituting one rare resource (oil) with another (lithium)? Also, the transportation of batteries is not trivial and necessitates special precautions (Amarakoon, Smith, & Segal, 2013; Lowe, Tokuoka, Trigg, & Gereffi, 2010) . Finally, most reasonably sized batteries are not capable of realising the range enjoyed by conventional ICE-based vehicles. While this latter issue is the subject of much research, battery size and performance currently represents one of the major determinants in the design of EVs today (Axsen et al., 2008; Ball, 2012) . (2) Electromagnetic emissions -a recent issue regarding EVs concerns electromagnetic (EM) emissions. While there is no evidence that EM radiation from EVs is dangerous, this issue is a focus point for regulatory authorities (see EU Green Car Programme) and has been raised by several research agencies (SCENIHR, 2007) .
C 2014 Taylor & Francis (3) Long charging times -charging times for EVs are known to be long (Yilmaz & Krein, 2013 ). An often cited fact by advocates of EVs in response to this is that fast charging algorithms can service average vehicles in about 30 minutes (Bullis, 2012b; Christen, Tschannen, & Biela, 2012) . Such time-scales may be just about acceptable to a normal car owner. However, in the presence of queuing, 30 minutes can rapidly become several hours, and push such fast charging stations into the realm of 'not acceptable'. Thus, it is likely that overnight or workplace charging will be the principal method of vehicle charging for the foreseeable future. An associated issue in large cities concerns the availability of charging points. This is especially an issue in cities with large apartment block type dwellings. (4) Vehicle size -EVs tend to be designed small with limited luggage space to reduce energy consumption. This is a significant problem for most potential purchasers of vehicles who on occasion would like to transport significant loads using their vehicles. (5) Range anxiety -one of the most pressing issues in the deployment of EVs concern the issue of range anxiety (Nilsson, 2011) . Maximum ranges (in favourable conditions) of less than 150 km are not unusual for EVs, and this reduces significantly when airconditioning or heating is switched on (de Oliveira, Vaughan, & Hayes, 2011) . The issue of limited range also exacerbates other issues. For example, the cost of searching for a parking space at the end of a journey is much higher than for a conventional vehicle (because the EVs' range is so low and therefore energy should not be wasted searching for a parking spot).
Research is ongoing to address range issues, with much of the current work focusing on new battery types, optimal vehicle charging, vehicle routing, and in-vehicle energy management systems with a view of minimising wastage of energy and thereby increasing vehicle range (Schlote, Crisostomi, Kirkland, & Shorten, 2012) .
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While all of the above issues are important, as well as some others that we have not mentioned, in this paper, we focus on the pressing issue of range anxiety (see below), and to a lesser extent, vehicle size by suggesting a flexible vehicle access model to alleviate both of these issues.
Principal contribution of paper: Specifically, a solution is proposed to some of these problems based on a car-sharing scheme. This idea is an embodiment of flexible vehicle access that was first suggested in Gyimesi and Viswanathan (2011) and further developed and analysed in King et al. (2013) . Indeed, the timeliness of the idea is evidenced by the fact that since this paper was first submitted for publication and presented 2 (Gyimesi & Viswanathan, 2011; King et al., 2013) , several automotive manufacturers, including Fiat and Volkswagen (VW), have announced plans for a form of car sharing with similarities in both goals and implementation, to that described here. The principal difference to these embodiments and that proposed by IBM is that we advocate and describe an on-demand model, whereas car manufacturers are suggesting a model that guarantees access for a fixed, but small, number of days. Our contribution in this paper is two-fold. We develop tools to design an on-demand service using ideas from queueing theory and using predictive analytics. We then demonstrate, in the context of real Irish mobility patterns, that such an on-demand service is economical, both in terms of the number of ICE vehicles needed, and in terms of real additional cost to vehicle manufacturers.
Comment (on-demand): we point out that in our queueing model it is assumed that extensive trips are planned and the on-demand scheme responds to demand announced on the previous day (or several days in advance). There are, of course, other possible on-demand scenarios. The assumptions described below pose no fundamental restrictions in this respect and the methods presented here can be extended. The important point to note in this context is that the customer is not assigned a fixed number of days per year in which access is guaranteed; rather the user is allowed to request a vehicle whenever he/she likes. This is the meaning of on-demand in our context.
On types of range anxiety
Our basic assumption is that the range anxiety problem, along with vehicle cost, are the biggest barriers to the purchase of EVs. While vehicle cost is principally an issue of manufacturing scale and is likely to come down, range anxiety is an issue that is unlikely to be solved in a cost effective manner in the near future by developments in the vehicle design process. For the purpose of this paper, we consider the term range anxiety to mean the angst of a vehicle owner that he/she will not have enough range to reach his/her destination without the need for recharging. Roughly speaking, one may consider two types of problems associated with range anxiety.
(1) The first problem is associated with an inadequate battery level to complete a trip while driving to a destination. (2) The second problem is associated with EVs being unsuited to the trip distribution demanded by the user. For example, a long trip, or vacation (or indeed a trip where a large luggage load is required), are all problematic for a typical EV.
In many cities, the first of these problems can be avoided to a large extent with adequate trip planning. For example, in cities where single dwelling households with garages/driveways are common, it is possible to charge vehicles adequately overnight to have a full battery charge the next morning. As we shall see later, this is, in most cases, adequate for the majority of trips. Since, most UK/Irish cities are of this type, we shall assume that overnight charging is possible and focus on the second of the above range anxiety issues.
It is worth noting that the issue of range anxiety has been the subject of the attention of policy bodies and car manufacturers over the past number of years. Roughly speaking, research attention has focused on three areas: (1) better batteries; (2) optimising energy management in the vehicles; and (3) novel energy delivery strategies for EVs. Big efforts on designing better batteries have been made worldwide (Ball, 2012) . To optimise energy management, manufacturers have looked both within the EV through the management of the vehicle sub-systems, and outside of the vehicle through the use of energy-aware routing and the use of special lanes (see www.green-cars-initiative.eu/ projects/eco-fev). Finally, several methods of delivering energy to the vehicle have been suggested. These include battery swapping, as was advocated by BetterPlace, under-road induction, and fast charging outlets. These activities have addressed for the most part item (1) above; and largely ignore the inconvenience associated with item (2).
Problem statement
Our car-sharing concept closely follows the flexible access suggestion in Gyimesi and Viswanathan (2011) in the following manner.
When an EV is purchased, the new EV owner also automatically becomes a member of a car-sharing scheme, where a shared vehicle may be borrowed from a common pool on a 24 h basis. The shared vehicles are large ICE-based vehicles suitable for long-range travel and with large goods transportation capacity.
Remark 1:
We suggest free membership of the scheme, but a pricing model could be implemented to regulate demand on weekends, public holidays, or other occasions when synchronised (correlated) demand is likely to emerge, or to regulate emissions. Furthermore, if the shared ICE-based vehicles are chosen to be sufficiently high-end, then a further incentive for consumers to purchase EVs is provided.
A number of issues need to be resolved before any such system could be deployed. These issues reduce to the marginal cost of the system. More specifically, we wish to determine if such a sharing concept could be deployed giving reasonable quality of service (QoS) to the EV owner, without significantly increasing the cost of each vehicle. Referring to Figure 1 , this amounts to asking whether a reasonable QoS can be delivered when M, the number of shared ICE-based vehicles, is significantly less than N, the number of purchased EVs. To answer this question, we consider two scenarios. (1) Spontaneous journeys: if we want to achieve a low probability for the event that an individual requesting a vehicle is not allocated one, how should the proportion M N be chosen? (2) Planned journeys: for a fixed M and N, how many days in advance does a user have to make a reservation so that the probability that the request is declined is lower than some very small constant?
In solving the above problems, we shall make the following assumptions.
(1) Membership assumptions (1.1) A shared vehicle is borrowed for a single 'day' period and returned to the pool of shared vehicles to be shared again the next day. In other words, at the beginning of each 'day', M cars are available for sharing. (1.2) Customers collect their vehicles from a number of sharing sites. They either park their own EV at the site when collecting the ICE vehicle, or travel there using some other form of transport. (1.3) Members of our car-sharing scheme do not have access to an ICE-based vehicle other than through the car-sharing scheme. (1.4) Members of the car-sharing community are willing to accept the same QoS metric for vehicle access.
(2) Demographic assumptions (2.1) Long journeys in private cars are rare, meaning that the range of an EV, even under worst-case conditions (e.g. air conditioner use, traffic congestion, bad weather), should be sufficient for most journeys. (2.2) Most urban dwellings are houses rather than apartments, meaning that there are no structural impediments to overnight charging, and that a full overnight charge should be sufficient to satisfy the needs of most daily mobility patterns.
The validity of these latter assumptions are the subject of the next section. 
Data analysis and plausibility of assumptions
The assumptions stated in 1 specify a particular car-sharing scheme; in particular, 1.4 is at the basis of the scheme. Assumption 1.1 is based on statistics of mobility patterns described below, which show that most drivers require their car for a whole day, if it is required. Assumption 1.2 describes a common practice in car-sharing schemes, while 1.3 is a simplifying assumption.
To make a case for the plausibility of Assumptions 2.1 and 2.2, we examined publicly available data on contemporary Irish mobility patterns.
Data for the creation of Table 1 (2009, 2011) . In the NTS, respondents were asked to provide details about their travel for a given (randomly selected) 24 h period, which roughly corresponded to a day of the week. Table 1 shows the percentages of people who drove private vehicles (over the 24 h period that they were queried about) for cumulative daily distances of greater than 50, 75, and 100 km. (i.e. row two of Table 1 ), and depicts number of people versus total distances they drove in private vehicles over that 24 h Monday period. Figure 2 illustrates a trend observed in the percentages in Table 1 ; namely, that longer cumulative journeys over the course of a day were rare 3 . For respondents who drove cumulative distances greater than 75 km over a 24 h period (see the third column of Table 1), Figure 3 illustrates those hours of a 24 h period over which respondents had their vehicles in use (many vehicles were in use roughly between 8 am and 6 pm), and Figure 4 depicts number of respondents versus total time (out of a 24 h period) their vehicle was in use.
Comments on NTS data-set
The NTS data-set allows us to make some very general statements which support the assumptions listed above. As might be anticipated, longer journeys are not as frequent as shorter ones, and vehicles do indeed tend to be in-use for a single day for each user. Thus, the data-set appears to be indeed consistent with the Assumptions 2.1 and 2.2 above. However, the data-set is subject to certain limitations due to its size and the manner in which it was collected, and it is very important to comment on these before proceeding.
• First, the data-set does not take into account correlated driving behaviours between days. However, we assume that drivers making regular long-distance trips would not purchase EVs. Consequently, the tail of the distributions following from the data-sets should be representative of the qualitative behaviour of drivers making regular short trips, but who infrequently need larger vehicles or vehicles for larger trips. In what follows, we shall assume that the typical EV owner follows a distribution given by these data-sets, although clearly from the above discussion this is a simplification as driving behaviour varies across EV owners. • Second, it is possible that the car-sharing scheme may affect the driving patterns of scheme members (EV owners). For example, given ICE vehicle access, long-distance driving may become more attractive.
In the analysis to follow (in the next section), this feedback mechanism is also ignored to keep matters simple.
• The data also indicates that vehicles are 'in-use' for the entire working day. We assume that vehicles are charged overnight to full capacity and that it is not necessary for a vehicle to be again charged during the day. As we have already mentioned, this latter assumption is consistent with cities such as Dublin where garage space or a driveway is the norm, and is consistent with charging-times for standard home charge points. The interested reader is referred to Davies and Kurani (2010) for further information about driver charging behaviour.
Given the above discussion, it is clear that the presented data provides a plausibility argument in support of Assumptions 2.1 and 2.2 subject to the aforementioned limitations of the data-set. For a further and more detailed discussion of the limits of using such data-sets, the interested reader is referred to Davies and Kurani (2013) .
Mathematical models
Using elementary probability and queueing theory methods, we now pose solutions to the QoS problems presented in Section 3. Consider a population of N EV owners (i.e. N 'users') who occasionally require access to an ICE-based vehicle (ICE or ICEV) for a non-standard trip (either a long-range trip or a trip where large load carrying capacity is required). We assume that a user will keep the ICEV for a full day, based on the driver behaviours described in the previous section. Thus, each day is characterised by the number of users who require an ICEV on that day. There is a fleet of M ICEVs available to satisfy this need. The main question is then to determine the relation between M and N. This will be determined by requiring some QoS conditions to be met. For example, a QoS condition might be a guarantee on the probability of finding an ICEV available.
An important assumption in what follows is that all users are willing to accept the same QoS metric for vehicle access. This is defined by a probability of a scheme member not being able to access a vehicle when required. Similar assumptions are standard in the networking community, and are based on the assumption that a member of the carsharing scheme will not join the scheme unless the given QoS metric is acceptable. Clearly, different levels of service can be provided if groups of users are willing to pay for a higher level of service. However, to keep matters simple here we assume that drivers who sign up for the scheme are prepared to be served using the same QoS metric.
Model 1 -binomial distribution
In the simplest model, each user independently requests an ICEV each day with probability p. Based on the data available in Table 1 , we may estimate this probability as p = .0886, assuming that ICEVs are used for trips over 100 km. The assumption that cars are required for a whole day are justified by the data in Figures 2-4 , which show that the overwhelming majority of cumulative trips over 75 km require a period of 5 h or more. With the available data, we are not able to estimate the proportion of drivers that make long trips on a regular basis, who would not participate in the scheme. On the other hand, it may be expected that some ICEVs are requested even though the actual trip length turns out to be less than 100 km. In the following, we will use p = .1 to illustrate the applicability of the proposed scheme.
Thus, the number of requests X each day is a binomial random variable
The mean number of requests per day is Np, and the standard deviation is Np(1 − p) . In principle, the number of requests may be anything from 0 to N, but for large N it is very unlikely that X will deviate from the mean by more than a few standard deviations.
This QoS condition can be quantified as follows. For each M ≤ N, define
Then the QoS condition could be to find the smallest M such that Q(M) < for some specified . For any given N and p, this can be calculated explicitly using the formula
However, it is more useful to get an approximate formula from which the scaling relation can be read off. For N large enough, we can use the normal approximation for the binomial, which says that
is approximately a standard normal random variable. There is a standard rule of thumb regarding applicability of the normal approximation for the binomial, namely that
Using the normal approximation, we have
This readily yields estimates for M in order to satisfy a desired QoS condition. For example, in order to satisfy the QoS condition Q(M) < 0.05 meaning a less than 5% chance of not finding an ICEV available, it is sufficient to take
For example, using the values N = 1000 users and p = 0.1 for the probability of a user requesting an ICEV, this provides a value M ≥ 116.
Model 2 -a queueing model
When the number of requests exceeds the number of available ICEVs, a queue forms and users must wait one or several days until a vehicle becomes available. It is desirable to keep the probability of long delays small, and this can be achieved by appropriate scaling of M with N. This is the subject of this section. Let X n be the number of outstanding requests at the end of the nth day, and let A n be the number of new requests that arrive during the nth day. Since the number of vehicles is M, the relation between these variables on successive days is
That is, the queue length is reduced by M at the start of each day (but not reduced below zero), and is then increased during the day by the number of new requests.
The QoS condition is to ensure that X n is unlikely to be large, implying that users are unlikely to have to wait a long time before being assigned an ICEV. Since M users can be serviced each day, in the worst-case a user must wait X n /M extra days until service. We consider the QoS condition which guarantees that the probability that any user needs to wait k extra days or more is less than , that is
By choosing M sufficiently large, we can guarantee that this probability is small.
Lemma 1: Define
Then for all k ≥ 1,
Using the bound in Lemma 1, we find a sufficient condition to guarantee the QoS bound; namely,
For a given k and , we may use this to find a value for M needed to meet the QoS condition. For example, using the same values as above N = 1000, p = 0.1, = 0.05, and taking k = 3 (meaning that the probability that there is a customer who waits more than four days is less than 5%), we find that the inequality is satisfied whenever M ≥ 103. Taking k = 2, we find M ≥ 105, and with k = 1 we find M ≥ 121. For a fleet size of 20,000 vehicles with M = 2000 (10%) and M = 3500 (17%), the behaviour of the bound is depicted in Figures 5 and 6 , respectively, for various estimates of the probability of a long distance trip. As can be seen, the bound tends rapidly to zero, indicating that the probability of waiting for a shared vehicle longer than one or two days vanishes rapidly. Then the recursion relation becomes
Proof of Lemma 1: Define
As is well-known (Kleinrock, 1975) Then, we have for k ≥ 1
For large N, we can use the normal approximation to estimate the right-hand side of this inequality. The arrival numbers A n are independent and binomial with mean Np and variance Np(1 − p), therefore in this approximation the variables C j are also normal, with mean j(Np − M) and variance jNp(1 − p). Thus, we find
where Z is a standard normal. We use the following bound valid for all b ≥ 0
We use the bound
and apply it above with x = (k − 1)M and y = μ. This gives
The sum is geometric, and is bounded by 
Two opportunities for control theory
Before proceeding, we note briefly that the aforementioned dimensioning problems offer opportunities for control engineers. These stem from two basic flaws in our model.
(1) Synchronised demand: first, the statistical model does not take into account periods of synchronised demand. For example, during periods of vacation, hot weather, etc., demand profiles are almost certainly going to be very different from the statistics we have presented, and are likely to be highly synchronised.
To address this problem, two avenues of actuation are possible. One could simply make the number of shared vehicles increase with demand. An alternative, is to include a price signal to moderate demand during periods of synchronised requests. This is depicted in Figure 7 , where the strategy might be to create a pricing structure that maintains the QoS at some desired level during periods of synchronised demand. The design of such a pricing signal (integral action) is non-trivial due to all the usual reasons: feedback delays in the control loop; the need for special infrastructure; and the use of a single signal for all users. In addition, a more serious concern is that the objective of the control is to smooth demand and break up synchronisation; rather than to just attenuate synchronised behaviour. A further complication is that the signalling should also ensure a degree of fairness of access for subscribers to the scheme, while at the same time preserving the privacy of individual users. Some ideas in this direction are explored in Wirth, Stüdli, Yu, Corless, and Shorten (2014) . (2) Prediction and optimisation under feedback: another problem is that our set-up assumes decoupling between our statistical model and the car-sharing scheme. Recall, our system was designed by first building a statistical model, and then using this model to dimension M in the car-sharing scheme. This setup ignores effect of the car-sharing scheme on the statistics governing our model. Put simply, the availability of a free car is quite likely to influence the likelihood that users will avail a car-sharing service. A more advanced design would include a model of user behaviour and dimension the number of free cars in a closed-loop fashion. This is clearly a very big topic (prediction and optimisation under feedback) with links to areas such as reinforcement learning and adversarial game theory. This is beyond the scope of this paper, but is of great interest to us. 
Financial calculations
We now explore the financial model associated with this car-sharing model. Initially, we will model our calculations based on a shared fleet comprised solely of a single vehicle type: the VW Golf class car. In this model, we are essentially comparing the similarly sized VW Golf and the Nissan Leaf to focus solely on examining range anxiety of the kind discussed above.
Subsequently, we will model our calculations based on a shared fleet that is constructed to reflect the broader needs of the EV owners; namely, sometimes a family car is needed, sometimes a large vehicle is needed for transporting goods, and sometimes a smaller car is required for short out of town trips by a single person/couple. In this subsequent model, we focus on both range anxiety and a range of vehicle sizes. To do this, we make some simplifying assumptions. Instead of modelling the demand for various vehicle types, which is the correct method of analysis, we shall weight various vehicle classes to construct a vehicle fleet. We assume that these weights reflect demand. This simplifying model is adopted for two reasons; to keep analysis simple, and to reflect the fact that data of the type needed to build a multidimensional queueing model is not available to us at this time and is the subject of current work in our lab.
In both model calculations, we use VW vehicles. Note that VW is a relatively high-end marque, and the vehicle fleet could be constructed in a manner that is considerably cheaper. Table 2 illustrates the composition and pricing of our shared vehicle fleet (including the single vehicle VW Golf price). Vehicle purchase prices were sourced from the VW website (www.volkswagen.ie) on 23 September 2013. The weighted average vehicle purchase price given the fleet make-up is € 23,308.
We also assume a fleet of N Nissan Leaf EVs. These EVs currently retail for € 25,990 each in Ireland (23 September 2013). It is important to note that there are more expensive and less expensive ICEV and EV offerings.
Ahead of detailing the two model calculations, we recall Table 1 . Table 1 indicates that the probability of cumulative journeys greater than 75 km is approximately 0.15 (average), and of 100 km is 0.09 (average). If we conservatively assume that the daily range of a fully charged EV is 75 km, then it follows from Figure 6 that most customers will be allocated an ICE-based vehicle within three days for (M,N) = (3500, 20,000); namely, if M/N = 0.17. If we assume that the daily range is 100 km, then it follows from Figure 5 that most customers will be allocated an ICE-based vehicle within three days for (M,N) = (2000, 20,000); namely, if M/N = 0.10. In essence, in order to provide 20,000 EV cars with an ICEV car within three days then we need an additional 2000 ICEV cars to cater for journeys of 100 km and an additional 3500 ICEV cars to cater for journeys of 75 km.
Range anxiety model (VW Golf versus Nissan
Leaf) We utilise a financial model for both the car-sharing models, which is in line with current and well-known car financing structures. We take an approach that amortises the purchase of a new ICEV over a three-year period with a 20% straight line depreciation year on year. However, first year depreciation is at 40% as suggested as standard by AA (http://www.theaa.com/motoring advice/carbuyers-guide/cbg depreciation.html). This gives three-year depreciation costs for a VW Golf as listed in Table 3 .
It is important to note that we also make the assumption that the ICEV is sold in year 3 for a value close to its depreciated value. Motor companies such as Hyundai, Ford, etc. provide guaranteed minimum future value (GMFV) mechanisms such that the depreciated value of the car is close to the GMFV of the car after a given time that is typically three years. The three-year amortisation of depreciation and GMFV allow us to financially model the depreciation costs of the ICEV within a three-year bound.
Considering that the revenues from 20,000 EV cars at a cost of € 25,990 is € 519.8 m we will now present the additional cost of this car-sharing model using the threeyear financial approach outlined above.
In the case of 100 km journeys, we have described how 2000 ICEV are required. As we are using VW Golf in this model, the 2000 ICEVs would have once off costs of € 40 m, which is 7.7% of the EV revenues. However, such a once off financing mechanism is not typical of financing car purchases in the car industry. Instead, we utilise the threeyear amortisation and GMFV method outlined above so as the costs can be modelled more realistically. In Table 3 , the sum of the single VW Golf depreciation values (YoY depreciation € ) over the three-year period is € 12,317. In Table 3 . Depreciation costs of the VG Golf fleet. year three, we dispose of the VW Golf asset at, or near, the GMFV value of 40%. As such, the cost of the VW Golf over three years then becomes the depreciation costs of € 12,317. As we require 2000 VW Golf cars for this car-sharing model, this then equates to a fleet cost of € 24.6 m over three years, or an average of € 8.2 m per annum. This represents an annual cost overhead of 1.5% per annum for three years for 100 km journeys serviced by a fleet of 2000 VW Golf cars within three days. In the case of 75 km journeys, we require 3500 VW Golf cars, which has a similarly calculated annual cost overhead of 2.7%.
Range anxiety with a range of vehicle sizes model
This model will utilise the same three-year financial approach for a range of ICEV as used in the VW Golf model. However, the cost of the ICEV is the weighted average, € 23,308, of a range of VW ICEV types taken from Table 2 .
In this scenario, we are modelling both range anxiety and the ability to cater for ICEV usages for a family (i.e. VW Passat) with luggage and transport purposes (i.e. VW Passat Estate). The revenues from 20,000 EV cars at a cost of € 25,990 remain unchanged at € 519.8 m.
As per the previous model 100 km journeys require 2000 ICEV. As we are using a weighted average of different ICEV class cars in this model, then the 2000 ICEVs would have once off costs of € 46.6 m, which is 9% of the EV revenues. In Table 4 , the sum of the depreciation values (YoY depreciation € ) over the three-year period is € 14,358. As we again require 2000 ICEV then this equates to a fleet cost of € 28.7 m over three years, or an average of € 9.6 m per annum. This represents an annual cost overhead of 1.8% per annum for three years for 100 km journeys that are serviced by a range of ICEV within three days. In the case of 75 km journeys, we require 3500 ICVEs, which has a similarly calculated annual cost overhead of 3.1%.
Financial assumptions and key conclusions
In both models, we assume further incremental costs such as travelling to ICEV location, parking logistics, car cleaning, annual servicing, and all other operational costs are either mitigated via an implemented pricing model and/or absorbed by the fixed cost structure already with the dealership, rental company, and so on. We also assume that at the end of the three-year period the EV car owner must stop using the service or replace that EV with a new EV to start another three-year cycle, which maintains the calculations and logic of the approach over terms greater than an initial three years.
Assumptions in the financial model are justified in the use of standard financing models used in car finance, AA derived depreciation models, and weighted average EV and ICEV vehicle purchase prices. However, we do note that our assumptions ignore synchronised demand, are not based on demand distributions for vehicle classes, and mileage restrictions may need to be offset.
In the model where we used VW Golf to focus solely on alleviating range anxiety, the overall percentage cost is between 4.5% (100 km, three years) and 8.1% (75 km, three years) of the 20,000 EV costs. In the weighted average model where we focused on alleviating range anxiety, and also offering a range of ICEV size options, the overall percentage cost is between 5.4% (100 km, 3 years) and 9.3% (75 km, 3 years) of the 20,000 EV costs. Note, for further clarification the boundaries of our model ranges from 3.3% overall costs (2000 VW Polo, 100 km) to 11.7% overall costs (3500 VW Passat Estate, 75 km).
To place these figures into context, consider Table 5 . As can be seen, the cost of the car-sharing scheme is considerably less than the average level of subsidy afforded to EVs in major western countries; currently at approximately 23% for a Nissan Leaf EV. Further incentives to encourage the uptake of EVs might include a combination of car sharing/subsidies or replacing the subsidies with an increased level of car sharing. Whether car sharing can really encourage the uptake of such vehicles can only really be tested through implementation. However, we believe that we have demonstrated that a significant range related issue can be solved using this idea, and that this will ultimately affect market growth in a positive manner.
To conclude, it is worth recalling some of the assumptions underlying our analysis.
• Our analysis ignores synchronised demand (at weekends or during holiday periods). We argue that a pricing structure could be enforced to break up this demand and give a degree of QoS to the scheme members.
• As we have mentioned, our combined fleet analysis is not based on demand distributions for each vehicle class. Rather, it is a simplified calculation to give the reader an indicative picture of the cost of the scheme.
• We have ignored the fact that the shared vehicles would be in continuous use thereby rendering their value lower than standard GMFV. However, GMFV mileage restrictions may be offset through gains made when bulk buying 2000 or 3500 ICEV, and/or through negotiating greater mileage restriction caps, and/or by ensuring a reduction in any additional charges beyond the restricted mileage, and so on. Additionally, other depreciation models are easily incorporated into the given framework. Note that depreciation of the entire cost of the shared vehicles over a three-year period to zero value is also very cost effective when compared with the average cost of government subsidies (7.7% for a VW Golf in the 100 km model to 15.7% for a weighted average ICEV in the 75 km model, in comparison with the 23% average subsidy). A fleet of 3500 VW Passat Estates in the 75 km model depreciated to zero is more efficient than subsidies (19.4% compared to 23%).
Notwithstanding the above facts, we have shown how any/all of the costs from the two model calculations are significantly less than the government subsidies costs. This gives governments and/or industry the opportunity to augment and/or replace subsidies with this alternative model to encourage the uptake of EV cars, make EV cars more approachable, and reduce pollution in short journeys. From a financial modelling perspective, the most pressing problems, if indirect, relate to managing an implementation at scale, working within and refocusing current government and industrial policy, conveying the benefits and driving usage uptake with consumers, and technological advances that over time increase EV range while maintaining or decreasing EV car pricing for the consumer.
Final comments
Simulation: to conclude our paper, we now present a brief simulation to illustrate the performance of our car-sharing system. We simulated demand based on Figure 2 , for 365 days, and serviced this demand using our car-sharing model. Users requested an ICE (no accommodation for type of ICE was implemented in our simulation) with a fixed probability of p = 0.1 (to emulate infrequent need to take a long journey), independently of each other. The number of members of the car-sharing program was N = 1000. The size of the ICE fleet was varied from M = 10 to M = 100. being able to access a car within k days over a 365 day period.
As can be seen, the number of unhappy customers (rejections) goes rapidly to zero as M approaches 100. This is entirely consistent with the conclusions presented above and illustrates that the predictions of the mathematics are upper bounds on performance.
Carbon savings: finally, to quantify, very roughly, the emissions savings over an ICE fleet, we consider the distance distribution depicted in Figure 2 under the following assumptions. We assume that all journeys are made with a single vehicle type travelling at a constant speed. Furthermore, we assume that long distances are those greater than 100 km. Then, based on Figure 2 , the CO 2 saving is roughly 80% using the proposed car-sharing scheme.
Collaborative consumption: we believe that the techniques presented in the paper go far beyond EVs. Many sharing schemes (sometimes called collaborative consumption schemes) reduce to asking how many devices/units are needed to serve a demand, while at the same time delivering a statistical QoS to individual users. We believe our ideas and models will help in the context of such applications.
Conclusions and future work in control
In this paper, a solution to a consumer range anxiety problem is studied using a car-sharing idea. The cost of this scheme was shown to be low when compared with current levels of subsidies to EV manufacturers. This cost could be reduced further by exploiting car sharing on an hourly basis (further multiplexing) and using low-cost vehicles (as opposed to a premium marque).
The main extension of this work is to develop the models first by combining control theory with the queueing theory developed in the paper. This is necessary for two reasons. First, during periods of synchronised demand, some sort of pricing model (based on demand) is necessary to regulate demand. Second, we have ignored the fact that the statistical distribution of requests is likely to be affected by the sharing scheme, and this feedback effect has not yet been incorporated into the model. This latter point corresponds to a 'closed-loop identification' of the demand profile. We believe that this latter point of recognising the subtle fact that predications to affect user behaviour leads to a situation where user behaviour affects predictions, is one of the great frontiers in smart cities research and in control, and consequently will be the focus of our attention in extensions of this and related work.
